The anelastic deformation of solids is often treated using continuum damage mechanics. An alternative approach to the brittle failure of a solid is provided by the discrete fiber-bundle model. Here we show that the continuum damage model can give exactly the same solution for material failure as the fiber-bundle model. We compare both models with laboratory experiments on the time dependent failure of chipboard and fiberglass. The power-law scaling obtained in both models and in the experiments is consistent with the power-law seismic activation observed prior to some earthquakes.
2 D. L. Turcotte, W. I. Newman, and R. Shcherbakov plex process. Initially microcracks appear, these cracks coalesce, and a through-going rupture results. In terms of the Earth's crust, brittle failure generally occurs on preexisting faults, and the applicable process is assumed to be friction. The fault fails when the applied shear stress exceeds that produced by a static coefficient of friction. During rupture the stress on the fault is given by the dynamic coefficient of friction. As long as the dynamic coefficient of friction is less than the static coefficient of friction, stick-slip behavior results and there are earthquakes. Many papers have considered the failure of one or more specific planar faults in a homogeneous elastic medium (BenZion & Rice 1995) . However, the Earth's crust is made up of faults on all scales that interact. One consequence of these interactions is the scale invariant Guttenberg-Richter frequency-magnitude relation for earthquakes. Evidently, the Earth's crust is a self-organizing complex medium.
A characteristic of brittle failure is damage. For the failure of pristine brittle materials, the damage consists of the microcracks that precede material failure. Hirata et al. (1987) have determined the distribution of acoustic emissions during the brittle fracture of a pristine rock. As the applied stress is increased, microcracks occur randomly and are uncorrelated. Once the applied stress approaches that associated with the initiation of fracture, the microcracks become correlated and satisfy a power-law (fractal) spatial distribution. The microcracks coalesce to form the throughgoing fracture. Similar results were found by Lockner (1993) . Many authors have associated the fracture of pristine materials with a second-order critical point (Herrmann 1991) .
While there are important similarities between the fracture of a pristine rock and an earthquake rupture, there are also important differences. The fracture of a pristine rock is an irreversible process. However, earthquake ruptures occur repetitively on preexisting faults and, between earthquakes, faults heal. If the Earth's crust, prior to a major earthquake, behaved like the fracture of a pristine rock, there would be a systematic increase in regional seismicity before a major earthquake. The rate of occurrence of small earthquakes in a seismogenic zone is nearly constant (Turcotte 1999) . However, there is accumulating evidence that there is an increase in the number of intermediate-sized earthquakes prior to a large earthquake (Rundle et al. 2000) . The repetitive nature of earthquakes, as well as their power-law scaling, have led some authors to argue that seismicity is an example of self-organized criticality (Bak & Tang 1989) . It is certainly reasonMicro-and macro-scopic models of rock fracture 3 able to hypothesize that the Earth's crust is in a "damaged" state. Evidence of this damage is the continuous occurrence of small earthquakes that satisfy Guttenberg-Richter frequency-magnitude scaling.
In this paper we will consider both microscopic and continuum models of damage. We will compare both types of models with laboratory experiments and will discuss the implications for earthquake physics. The behavior of a rod of material under tension is illustrated schematically in A continuum approach to this process is to introduce a damage variable so that (Kachanov 1986; Lemaitre & Chaboche 1990; Lyakhovsky et al. 1993; Lyakhovsky et al. 1997; Krajcinovic 1996) 
The damage variable quantifies the deviation from linear elasticity and the distribution of microcracks in the one-dimensional problem. In general
, linear elasticity is obtained with (1.1) valid, but when 0 ¢ , failure occurs. For quasistatic (slow) rupture it is appropriate to take the damage variable to be a function only of the applied stress 3 "
. However, in most cases of interest the development of damage in a material is a transient process so that we have 5 4 6 8 7 " % § 7 @ 9
. As illustrated in Figure 1, Figure 1 is highly idealized since the dependence on time is not illustrated.
Another approach to brittle failure is applicable to composite materials. A composite material is made up of strong fibers embedded in a relatively weak matrix. Failure of composite materials has been treated by many authors using the concept of fiber-bundles (Smith & Phoenix 1981; Curtin 1991; Newman & Phoenix 2001) . The failure statistics of the individual fibers that make up the fiber-bundle are specified. The statistics can be either static or dynamic. In the static case, the probability of the failure of a fiber is specified in terms of the stress on the fiber. Failure is assumed to occur instantaneously. In the dynamic case, the statistical distribution of times to failure for the fibers are specified in terms of the stresses on the fibers (Coleman 1956 (Coleman , 1958 . Experiments generally favor the dynamic-failure, fiber-bundle models. When stress is applied to a fiber-bundle, the fibers begin to fail. It is necessary to specify how the stress on a failed fiber is redistributed to the remaining sound fibers (Smith & Phoenix 1981) . In the uniform load sharing hypothesis, the stress from a failed fiber is redistributed equally to the remaining fibers. This is a mean-field approximation. The alternative redistribution model is the local load sharing hypothesis. In this case the load on the failed fiber is redistributed to neighboring fibers. Local load sharing is applicable to strongly bonded fibrous (composite) materials whereas equal load sharing is applicable to weakly bonded fibrous materials.
The failure of a simple fiber-bundle under uniform load sharing is illustrated in Figure 2 .
Initially the load on the bundle The primary purpose of this paper is to compare the microscopic fiber-bundle model for failure with the macroscopic damage model for failure in a simple geometry. We consider the two models for the failure of a rod under tension. The dynamic fiber-bundle model is considered assuming uniform load sharing. The rate of failure of fibers under an initial stress (per fiber) is specified.
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As fibers fail, the stress on the remaining fibers increases leading to a catastrophic failure of the bundle. The fiber failures are equivalent to the microcracks that occur in a uniform brittle material as it is stressed to failure. i s the number that have failed. A qualitative discussion of the relation between the fiber-bundle model and the continuum damage model has been given previously by Krajcinovic (1996) .
A characteristic of material failure are the emergence of acoustic emission events. The acoustic emission events are generated by microcracks as the material is damaged. The microscopic fiberbundle model can be used to obtain the predicted rate of acoustic emission events prior to material failure. The predictions are compared with the experimental observations of Guarino et al. (1998 Guarino et al. ( , 1999 . These authors determine the rate of acoustic emission events generated during the failure of panels of chipboard and fiberglass. Their results agree with the predictions of the microscopic fiber-bundle model. We conclude by exploring the possible relevance of these models to seismic activation, and discuss the broader implications of these results.
FIBER-BUNDLE MODEL
We consider a rod that is made up of The total force
carried by the fiber-bundle at the time 7 is given by
where is the area of a fiber. Substituting (1.1) and (2.2) into (2.4) gives
The force on the fiber-bundle decreases as fibers fail and catastrophic failure in a finite time does not occur.
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As fibers fail, the stress on the surviving fibers increases. We assume equal load sharing-rendering this a mean field theory-so that all the remaining fibers have the same stress 7 "
. Thus, the effective stress experienced by a surviving fiber is related to the number of failed fibers
In order to complete the specification of the problem, it is necessary to prescribe the dependence of the hazard rate Substitution of (2.7) and (2.8) into (2.1) gives
Integration with the initial condition
Failure of a fiber-bundle occurs when
, the time to failure 7 is given by
The stress in each of the remaining fibers is obtained by substituting (2.10) into (2.7) with the
We next determine the strain of the fiber-bundle as failure occurs. We make the assumption that each fiber satisfies linear elasticity until it fails, thus we can write
is the Young's modulus applicable to all fibers up to failure. We assume that a microcrack in a fiber results in its failure, i.e., there is no "damage" in a fiber prior to failure. Since the stresses in the remaining fibers are equal with the value 8 7 "
, the strains are also equal with the value Turcotte, W. I. Newman, and R. Shcherbakov Substitution of (2.12) into (2.13) gives the strain ¡ 8 7 "
of each remaining fiber
We define an effective Young's modulus
for the fiber-bundle from (1.2) according to
This is the Young's modulus of the bundle as a whole (including both failed and sound fibers) treated as an equivalent rod failing under tension. Substitution of (2.14) into (2.15) gives
Using (2.11) for the time to failure
7
, we obtain
The effective Young's modulus
decreases from its original value of
at failure. This dependence is illustrated in Figure 3 for
, and
Using (2.10), (2.17) can be rewritten in the form
is linearly proportional to the fraction of fibers that remain unbroken. We have obtained the time dependent failure of a fiber-bundle to which a constant force ¢ ¥ was applied at
¢ &
. We next obtain a solution to the same problem using the damage model.
DAMAGE MODEL
We have obtained a solution for the strain and effective Young's modulus during the failure of a fiber-bundle under a constant applied load. This was basically a microscopic model in a mean field. We now obtain a solution to the problem utilizing the macroscopic damage model. This definition of damage has been used previously (Krajcinovic 1996) . In our analogy with the fiber-bundle model, we can interpret the macroscopic damage variable 7 "
to be the fraction of fibers that have failed. We now determine the time history of strain in a rod using the damage (Lyakhovsky et al. 1997) , the time evolution of the damage variable can be related to the strain ¡ 8 7 "
with a constant for a constant applied stress. This expression can be regarded as the lowest order term to emerge from a series in ¡ ; for large strains, higher order terms may become important. The rate of damage generation is proportional to the square of the strain in the material.
Substitution of (1.3) into (2.15) gives the strain
in the damaged rod
Combining (3.2) and (3.3) we obtain
Integrating with the initial condition &"
Substitution of (3.5) into (1.3) gives
Failure occurs at the time 
GENERALIZED DAMAGE MODEL
In the last section we showed that the equal load sharing fiber-bundle model and the damage model 
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An alternative generalization of the continuum damage theory has been given by Krajcinovic (1996, p. 477) . Instead of introducing an arbitrary power into the basic definition of the damage variable as we have done in (4.1), this author introduces an arbitrary power ¡ 7 "
into the rate equation (3.2). We prefer the generalization of (1.3) as given in (4.1) since we assume that the rate of damage be proportional to an even power of the strain.
We again consider the failure of a rod under tension. Substitution of (4.1) into (2.15) gives the strain ¡ 7 "
Combining (4.2) and (3.2) we find
Substitution of (4.4) into (4.1) gives Using (4.6) and (4.4) we obtain 7 "
And the substitution of (4.6) into (4.5) gives (2.17), the result obtained for the fiber-bundle model.
Equating the time to failure given in (2.11) and (4.6) we have is not simply proportional to the number of failed fibers as in (3.1). As suggested earlier, this may be the outcome of the interaction of microcracks in the two transverse dimensions with the longitudinal axis along which the tension is applied, thereby complexifying an otherwise one-dimensional problem
TIME DEPENDENT STRESS
In the above analysis we assumed that a force ¢ ¥ was applied to a rod instantaneously at
We showed that the fiber-bundle model with ¦ ¢ ¤ and the damage model gave identical result.
In order to confirm the generality of this correspondence, we now consider the case in which the applied stress ¥ is a linearly increasing function of time
where is a constant.
We first consider the fiber-bundle model. Again assuming equal load sharing so that (2.7) is applicable, from (5.1) the stress 7 "
in the remaining unbroken fibers is given by
We again assume that the hazard rate is given by
¢¤ § 
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Integrating with the initial condition
Failure of the fiber-bundle occurs when And the effective Young's modulus for the fiber-bundle is obtained by substituting (5.11) into (2.15)
Substitution of (5.9) into (5.12) again gives (2.18). As in (2.17), the effective Young's modulus . Thus, we see that the time-dependent stress model is a rescaled version of the constant stress model.
ACOUSTIC EMISSION EVENTS
A characteristic of materials experiencing "damage" are acoustic emission events. For a solid material stressed beyond its elastic limit the acoustic emission events are associated with microcracks.
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For a fibrous material the acoustic emission events are associated with the failure of one or more fibers.
We now obtain an expression for the energy flux associated with the acoustic emission events from a fiber-bundle as fibers break using the model considered above. In our fiber-bundle model we assume that individual fibers satisfy linear elasticity until failure. Thus the stored elastic energy in a single fiber
at the time of failure is given by
where is the volume of the fiber,
¤ ¥
is the Young's modulus of the fiber, and ¡ is the strain in the fiber given by (2.14). We assume that when a fiber fails, a fraction , the fraction of the stored elastic energy lost during an earthquake that is radiated in the seismic waves generated by earthquake. In both earthquakes and in acoustic emission events from damaged materials, energy is also used to rupture material and in some cases is dissipated in frictional heating. We assume that the acoustic emission efficiency ¢ ¥ £ is a constant.
The rate at which energy is lost by acoustic emission events is given by
is the energy associated with the acoustic emission event and
In the vicinity of rupture, we have ¦ ! 7£7 " ¤ £
. In this limit, we obtain from (6.15) that
Thus, the scaling in the vicinity of rupture is the same as that obtained for the constant pressure result given in (6.8).
We now compare the predicted acoustic emission associated with material failure with experiments. Guarino et al. (1998 Guarino et al. ( , 1999 studied the failure of circular panels (220 mm diameter, 3-5 mm thickness) of chipboard and fiberglass. A differential pressure was applied across the panels until they failed. Acoustic emission events were carefully monitored. For these relatively thin panels, bending stresses were negligible and the panels failed under tension (a mode I fracture).
The acoustic emission events were used to locate the associated microcracks. Initially, the microcracks appeared to be randomly distributed across the panel. As the pressure difference was increased, the microcracks localized in the region where the final rupture occurred. In the first series of experiments given by Guarino et al. (1998) the applied pressure difference (differential stress) was increased linearly with time in accordance with (5.11).
These authors determined the cumulative energy associated with acoustic emission events prior to rupture. The observed dependence of
is given in Figure 5a where £ £ is the cumulative acoustic energy at time The experiments find the same power-law behavior for a constant applied pressure difference and for a pressure difference that is increasing linearly in time. This correspondence was also found in our analysis since the power-law dependence in (6.8) is the same as the power-law dependence in (6.16).
Although there is a scaling region in the acoustic emission data that is in accord with our analysis, there are some aspects of the data that disagree with our analysis. The cumulative acoustic emission energy can be obtained by integrating (6.8). This result is not in agreement with the experimental data given in Figure 5b for small times. We attribute this disagreement to the transition from random emission events at small times to self-organizing events as rupture is approached.
Our analysis correctly predicts the self-similar scaling region near rupture. 
DISCUSSION
Anelastic deformation of solids in engineering materials is often treated using continuum damage mechanics models. At the same time, statistical physicists have developed a variety of discrete models for material failure. In this paper, we show that two widely used models, a continuum, macroscopic damage model and a discrete, microscopic fiber-bundle model, yield identical solutions for a simple rupture problem.
The fiber-bundle model we consider is the dynamic time-to-failure model with uniform load sharing. The hazard rate defined in (2.8) has a power-law dependence on stress 7 "
with exponent
¦
. We consider the failure of a rod of material under tension. We consider two cases: (1) A constant tensional load is applied to the rod instantaneously and (2) the load increases linearly with time from zero. The solutions obtained using the continuum damage model are identical to the solutions obtained using the discrete fiber-bundle model if the stress exponent
. We have generalized the damage model so that solutions agree with the fiber-bundle model for arbitrary values of Guarino et al. (1998 Guarino et al. ( , 1999 studied the failure of circular panels of chipboard and fiberglass.
They found that the cumulative energy associated with acoustic emission events had a power-law dependence on the time to failure. We have shown that this dependence is in agreement with our solutions taking the power-law exponent
. The power-law increase in acoustic emission is also consistent with the power-law increase in cumulative Benioff strain that has been recognized prior to a number of earthquakes (Bufe & Varnes 1993; Bowman et al. 1998 ).
The results given here raise a number of interesting questions regarding earthquake physics.
The damage and fiber-bundle models considered in this paper yield results that are very analogous
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to a second-order phase change. The power-law scaling is a characteristic of the approach to a phase change. However, material failure is a catastrophic event and is certainly not reversible.
Phase changes involve a tuning parameter such as temperature or magnetic field. Rundle et al. (2000) previously considered precursory seismic activation in terms of a selforganizing spinodal behavior. A typical first-order phase change is the boiling of water. Ordinarily water at a specified temperature is heated at the boiling temperature and water is transformed to steam at this temperature as heat is added. This is an equilibrium process. However, it is possible to superheat water into the spinodal region of the phase plane. This superheated water is metastable and time dependent boiling will occur. We suggest that the nonequilibrium irreversible boiling of water is analogous to the time dependent failure considered in this paper. Rundle et al. (2000) obtained a power-law scaling of seismic activation using spinodal theory very similar to the scaling given above. 1910 1920 1930 1940 1950 1960 1970 1980 1990 0.0 0.5 2.0 1.0
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Cumulative Benioff Strain (x10 1980 1980 1981 1981 1982 1982 1983 1983 Date 0 1970 1975 1980 1985 1990 1995 Figure 6. Power-law increase in the cumulative Benioff strain prior to four major earthquakes in California (Bowman et al. 1998) . Each of the four examples has been correlated (solid line) with the power-law relation given in (7.2). The dashed straight lines represent a best-fit constant rate of seismicity.
